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Abstract 

The properties of the Tremblay-Turbiner-Winternitz system (related to the harmonic oscillator) 
were recently studied on the two-dimensional spherical S(k > 0) and hiperbolic H% (k < 0) spaces 
(J. Phys. A : Math. Theor. 47, 165203, 2014). In particular, it was proved the higher-order 
superintegrability of the TTW system by making use of (i) a curvature-dependent formalism, and 
(ii) existence of a complex factorization for the additional constant of motion. Now a similar study 
is presented for the Post-Winternitz system (related to the Kepler problem). The curvature k is 
considered as a parameter and all the results are formulated in explicit dependence of k. This technique 
leads to a correct definition of the Post-Winternitz (PW) system on spaces with curvature k, to a 
proof of the existence of higher-order superintegrability (in both cases, k > 0 and k < 0), and to the 
explicit expression of the constants of motion. 
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1 Introduction 


Let us denote by V r , r = a,b, c, d 1 the four two-dimensional potentials whith separability in two different 
coordinate systems in the Euclidean plane; they are therefore superintegrable with quadratic constants 
of motion (see [1] for a recent review on superintegrability). We now consider two of them; V a that is 
separable in Cartesian and polar coordinates 


V n = 


){ X 2 + y 2 )+^ + 


and V c that is separable in polar and parabolic coordinates 


(1) 


V r = 


ki 


k 3 x 


\A 2 + '■ 


k2 

H—^ + f — 

” y 2 \fx 2 




( 2 ) 


The potential V a (related to the harmonic oscillator) admits two superintegrable generalizations; they are 
separable but in only one coordinate system and because of this the third additional integral of motion is 
not quadratic but a higher order polynomial. The first one 


V a (n x ,n y ) 


1 2/2 2 i 2 2\ , 

-wq [n x x + n y y ) + 


k2_ 

x 2 
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that preserves the separability in Cartesian coordinates, was studied in [2]—[6]. The second generalization, 
that takes the form 


V ttw (r, <j>) 


1 2 2 
Wo r 


1 / a 

2 r 2 Vcos 2 (to</>) 


P 

sin 2 (me/) 


( 4 ) 


was firstly studied by Tremblay, Turbiner, and Winternitz [7] [8], and then by other authors [9]-[22]. 
When in = 1 it reduces to V a , but in the general m/1 case (m must be an integer or rational number) 
it is only separable in polar coordinates; therefore, the third integral is not quadratic in the momenta but 
a polynomial of higher order than two (the degree of the polynomial depends of the value of m). 


The potential V c (related to the Kepler problem), that in polar coordinates becomes 


Vr = -- 


F i O) v /^ k 2 
- F iW = 37T“ 


ks cos <\) 


sm 


sin 


can also be written as follows 


(co S 2 M/2) + iJLv) ' _ 2( “ + P) ' 


r r 2 Vcos 2 ((()/2) s\n 2 {(f)/2) 


( 5 ) 


Therefore, the angular-dependent functions in the potentials V a and V c appear as two particular cases, 
to = 1 and m = 1/2, of a more general angular function. It seems therefore natural to suppose that the 
existence of Vttw, considered as a generalization of the potential V a , must determine a similar generalization 
of the potential V c . In fact V c also admits a superintegrable generalization of higher order 

V pw {r,(j)) = - - + —(— jj —-rr + . 2 f ’ (6) 

r 2 r z Vcos 2 {rrup) sm (m^>)7 


that is quite similar to the Vttw potential. The first proof of the superintegrability of this new potential 
was given in [23] by relating V pw with Vttw via a coupling constant metamorphosis transformation [24]. 

The following two points summarize some properties and references important for this paper. 
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• The superintegrability of the potential V a (n x , n y ) was proved making use of two different approaches, 
dimensional reduction [3] -[5] and complex factorization [6]. The idea of the method presented in [6] 
is that the third additional integral can be obtained as the product of powers of two simple complex 
functions. More recently a very similar method was applied to prove the superintegrability of the 
TTW [14] and the PW [25] systems. 

• The TTW system has been recently studied on spaces of constant curvature k using different ap¬ 
proaches [12, 17, 20, 22]. In fact, it was proved in [22] that it can be correctly defined in the two 
cases, that is, spherical k > 0 and hyperbolic k < 0, and that the curved version of the TTW system 
is superintegrable as well. An important point is that the expression of the third additional integral 
of motion was also explicitly obtained by making use of the complex factorization approach. 

The main purpose of this paper is to study the PW system on spaces of constant curvature; the idea is 
to translate the results obtained in [25] in the Euclidean space to spherical and hyperbolic spaces. In fact 
the structure of this article is very similar to that of [22] and we also use the same notation, the same 
formalism (curvature-dependent formalism) and the same approach (existence of appropriate complex 
functions). 


2 The Kepler and the Kepler-related potential V c on spaces of 
constant curvature 


2.1 Notation and curvature-dependent formalism 


The function Fi(<f>) 
function 


in the expression (5) of V c is just the particular case m 


FM 


k a 


sin z (m<j>) 


/ cos (m0) \ 

V sin 2 ( mq J )' ' 


1 of the following angular 


(7) 


that is related with the angular functions in the original expressions of the TTW and PW potentials by 
the following trigonometric equality 


2(a + /3) 2 ,„ _ , / cos(2m</>) \ = a p 

sin 2 (2 m(f>) Vsin 2 (2 mxj))) cos 2 (m<j)) sin 2 (m</>) 


The two particular cases, m = 1 and m = 2, that take the form 

Fi((j)) _ ka k b x 

r 2 y 2 y 2 \Jx 2 + y 2 ’ 

F 2 {(t>) _ k a - k b k a + k b 

r 2 4x 2 4 y 2 


(m 
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1) 

2 ) 


are just the angular-dependent functions in the potentials V c and V a . 

In what follows we consider the curvature n as a parameter and in order to obtain equations valid for 
the three possible values of k (that is, k > 0, k = 0, or k < 0), we introduce the following trigonometric- 
hyperbolic functions C K (x) and Sk(^) defined as 


C K (x) = cos y/nx , 


Sk(x) 



k e IR, 
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that can be rewritten with more detail as follows 

fcos^x if k > 0, ( ^sin^wa; if ft > 0, 

Ck(x) = < 1 if k = 0, S K {x) = < x _ if K = 0, (9) 

[ coshif ft < 0, [ -j= sinhv 7 — ft# if k < 0, 

and T K (a:) = Sk{x)/ Cn(x) (more properties and references in [22]). Then the expression, in geodesic polar 
coordinates (r,4>), of the differential line element on the spaces S' 2 (ft > 0), IE 2 (k = 0), and H 2 (ft < 0), 
with constant curvature n is given by 

ds 2 K = dr 2 + Sl{r) d4> 2 , (10) 

so that it reduces to 

ds\ = dr 2 + (sin 2 r) d(j) 2 , dsg = dr 2 + r 2 d(j> 2 , ds 2 _ 1 = dr 2 + (sinh 2 r) d(f) 2 , 

in the three particular cases of the unit sphere Sf (n = 1), Euclidean plane IE 2 (k = 0), and ‘unit’ 
Lobachewski plane H^_ 1 (n = —1). 

The kinetic term (Lagrangian of the geodesic motion) has the following form 

T = \ (^r+S 2 (r)u|) , 

the Noether momenta, reducing to the two linear momenta p x and p y in the Euclidean case, are given by 

-Pi (ft) = (cos (/>) v r (Ck (c) {r ) sin 0) , 

P 2 (ft) = (sin0)u r + (C K (r)S K (r)cos(())u0, 

and the ft-dependent angular momentum has the following expression 

J(ft) = S 2 (r)v 0 . 


2.2 The Kepler potential on spaces of constant curvature 


The following (spherical, Euclidean, hyperbolic) Lagrangian with curvature ft, 
L (ft) = \ { v r +Sl(r)vl^j - U{r; K ), U(r;n ) - 9 


T«(r) ’ 


( 11 ) 


represents the Av-dependent version of the Kepler problem in such a way that the potential J7(r; k) reduces 
to 

Pi = - — , Uo = V = — - , U—\ — 

r 


9 


tanr ’ r tanhr 

in the three particular cases of the unit sphere (ft = 1), Euclidean plane (k = 0), and ‘unit’ Lobachewski 
plane (ft = — 1) [26]. The Euclidean function V(r) appears in this formalism as making separation between 
two different behaviours (see Figure 1). Of course, the domain of r depends of the value of ft; we have 
r € [0, oo) for ft < 0 and r £ [0,7r/\/ft] for ft > 0. It is known that this system is superintegrable for all 
the values of the curvature ft since that, in addition to the total Energy and the angular momentum J(ft), 
it is endowed with the following two quadratic constants of the motion 


h(K) = P 2 (ft)J(ft) - gcos(j>, 
Ii{n) = Pi (ft) J(ft) + gsincj ), 


that represent the curvature versions of the two-dimensional Runge-Lenz constant of motion, whose ex¬ 
istence is a consequence of the additional separability of C/(r;ft) in two different systems of ft-dependent 
’parabolic’ coordinates. 
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2.3 The Kepler-related potential V c on spaces of constant curvature 


The following (spherical, Euclidean, hyperbolic) re-dependent potential 

g k 2 fc 3 cos <j) 


U c (r,<j>-,n) = - 


(12) 


T K (r) ' (S K (r)sin</>) 2 ' (S K (r) sin</>) 2 ’ 

that is well defined for all the values of re, represents the spherical (re > 0) and hyperbolic (re < 0) version 
of the Euclidean potential V c (re = 0); it reduces to 

fc 3 cos </>N 


a 1 

— ^ | | 

f fc2 + 

tan r sin 2 r 

9 | 1 

v sin 2 (j) 

( k 2 

tanh r sinh 2 

r 

v sin 2 (j) 


Sill 

fc 3 COS (f) 

sin 2 <f> 

in the particular cases of the unit sphere (re = 1) and ‘unit’ Lobacliewski plane (re = —1). It is endowed 
with the following two quadratic constants of the motion 

2 2 k 2 2 fc 3 cos <f 

h{K) = J (re) + . 2 + 


sin cf sin” <j> 


2 k 2 

f COS <t> \ 

1+ h 1 

f 1 + COS 2 (j) ^ 

T K (r) 

Vsin 2 (f>s 

+ T K (r)' 

V sin 2 <f> / 


(/i(re) is the energy) and it is, therefore, a superintegrable system for all the values of the curvature re. 


3 The PW system on spaces of constant curvature 


In the following, we will make use of the Hamiltonian formalism; therefore, the time derivative d/dt of a 
function means the Poisson bracket of the function with the Hamiltonian. 


We have seen, in the previous section 2, that in the two cases, Kepler and V c potentials, the curvature 
re modify many characteristics but preserve the fundamental property of superintegrability. Now in this 
section we will prove that this is also true for the PW system 

It is well known that if F(<f>) are arbitrary function then the following Hamiltonian (Kepler plus an 
angular deformation introduced by F (</))) 



9 F{4>) 

j, ' y>2 


(13) 


is separable in polar coordinates and it is therefore Liouville integrable. 

The following propsition states this property for spherical S' 2 (re > 0) and hyperbolic H 2 (re < 0) spaces. 


Proposition 1 The Hamiltonian 


H{n) = \ + 



9 , F{<t>) 

T*(r) (S K (r)) 2 


(14) 


is separable in geodesic polar coordinates (r, (f >) and it is endowed with the following two quadratic constants 
of the motion 


Ji(re) 

■M«0 


2 Pi 2g 2F{<t>) 
Pr S 2 (r) T K (r) + (S*(r)) 2 

pI + mt) 


This property is true for all the values of the curvature re. 
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As we comment in the introduction, the PW system is separable in the Euclidean plane in polar 
coordinates. Now we see that it admits a generalization to the spaces S 2 (k > 0) and H 2 (n < 0) 
that appears as a particular case of the Hamiltonian (14); therefore, it is also separable (and therefore 
integrable) in spherical and hyperbolic spaces. 

The following proposition proves the superintegrability of the PW system on spaces of constant curvature 
k and presents a method for obtaining the explicit expression of the third integral of motion. 


Proposition 2 Consider the noncentral Kepler-related potential 

2 

#m(«0 = \ (pI + + U m (r,<j>) , U m {r,4>) 

2 V s i(r) ) 

where F m ((j)) is the following angular function 


9 

T «(r) 




sin 2 (m4>) 


/ cos (m<j>) \ 
Vsin 2 (?n 0 )z ’ 


F m (4>) 

( Sk (?’)) 2 ’ 


(15) 


and k a and kb are arbitrary constants. Let J\ and J 2 the two quadratic constants of motion associated to 
the Liouville integrability 


Ji(k) 

■h 


2 ,J%__ 2 9 2 F m (4>) 

Pr S l(r) T K (r) S 2 (r) 

P<t> + 2 F m {(j)) 


and let M r and N$ be the complex functions M r = M r \ + i M r 2 and N$ = N^i + i 2 with real and 
imaginary parts, M ra and N^, a = 1,2, be defined as 


M r 1 — p r \Jlh. , M r 2 — g — 


J 2 


T„(r) ’ 

N<t,i = k b + J 2 cos (m.(j>), N^ 2 = P<i> \[j 2 sin(m^). 

Then, the complex function K m defined as 

K m = Mr N* 


is a (complex) constant of the motion. 


Proof: First, let us comment that the expressions of the function M r is rather the same that in the 
Euclidean case [25] but with the function T«(r) instead of r. It satisfies the correct Euclidean limit 

lim M r = (p r V^h) +i(g -• 

k —>0 V / V r / 


The expresions of the angular functions N^i and are the same as in the Euclidean plane. 

The time-derivative (Poisson bracket with H(k)) of the function M rl is proportional to M . r2 and the 
time-derivative of the M r2 is proportional to M rl but with the opposite sign 

— M r 1 = — X K M r 2 , -77 Mr 2 = A K M r \ , 
dt dt 

and this property is also true for the angular functions 


^ — rn. X K A^02 > 


^ K<p ‘2 — rn X K N^i , 
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where the common factor A K takes the value 


A « - V^2 , A 0 -^ \/lh . 

Therefore, the time-evolution of the complex functions M r and N $ is given by 


— M r = i X K M r , —N ( h = i m A K iVA . 
at at 


Thus we have 


dt 


K m = 


J t (m™ jv;) = M^ rn ~ V) ( m Mr n; + Mr N+ 
M^ m ~ 1 ' ) ( m (i A k M r ) N; + M r (- * m \ K iVJ)) = 0. 


Finally, let us comment that the moduli of these two complex functions, that are constant of the motion 
of fourth order in the momenta, are given by 

\M r \ 2 = (2 H-nJ 2 )J 2 +g 2 

| N,/, | 2 = Jf - 2k a Ji + k 2 


□ 

Summarizing: the Hamiltonian H m (a) given by (15), that represents the PW system on a space with 
curvature k, is super-integrable for any value of the curvature (positive, zero or negative) and the additional 
constant of motion K rn can be obtained by complex factorization. Of course this property remains true 
when the potential U m (r, <j>) is rewritten with the original way of presenting the angular-dependent function 
as in ( 6 ) just by making use of the trigonometric equality ( 8 ). 

Since the function K rn is complex it can be written as K m = + i Ja with J 3 and J 4 real constants of 

the motion, that is, dJ?,/dt = 0 and dJ^/dt = 0. One of them, for example J 3 , can be chosen as the third 
fundamental integral of the motion. 


4 Final comments 

In the previous paper [22] we studied the TTW system and we proved that it was not a specific charac¬ 
teristic of the Euclidean space but it is well defined as a superintegrable system in all the three spaces of 
constant curvature (k < 0, k = 0, k > 0). Now we have proved that these properties are also true for the 
PW system. The harmonic oscillator and the Kepler problem although different systems they are however 
endowed with very similar properties. Both are superintegrable systems possessing additional constants 
of motion (Fradkin tensor and Runge-Lenz vector respectively) and both can appropriately be defined on 
spaces of constant curvature. Now we see that a similar situation appears with the TTW system (related 
to the harmonic oscillator) and the PW system (related to the Kepler problem). 

The existence of superintegrability can be studied making use of different approaches (proof that all 
bounded classical trajectories are closed, Hamilton-Jacobi formalism and action-angle variables, exact 
solvability, degenerate quantum energy levels, etc) but the method we have employed (complex functions 
with a Poisson bracket with the Hamiltonian proportional to itself) is not only useful from a practical 
point of view but it also reveals interesting properties characterizing these two systems. 

We conclude with the following two comments. First, the Kepler problem and also the potentials V c 
and Vd are separable in parabolic coordinates; so, it will be convenient to study the existence of a family of 


7 



U1,V,U_1 



Figure 1: Plot of the Kepler Potential as a function of r, for the unit sphere k = 1 (upper curve), Euclidean 
plane k = 0 (dash line), and ‘unit 1 Lobaclrewski plane k = — 1 (lower curve). The three functions are 
singular at r = 0 but the Euclidean function Uq = V appears in this formalism as making a separation 
between two different behaviours. In fact Uq = V is the only Potential that vanish at long distances. 


Kepler-related potentials (another different linear combination with Kepler as first summand) separable in 
parabolic coordinates and generalizing the potentials V c and V,j. Second, these system are also important 
at the quantum level. The properties of the functions M r and Nq can probably be interesting (changing 
functions for operators) for the study of the quantum Schrodinger equation by the method of factorization 
and ladder operators. 
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